Approximation of Stable-dominated Semigroups by Sztonyk, Paweł
ar
X
iv
:0
90
3.
52
94
v3
  [
ma
th.
PR
]  
30
 Se
p 2
00
9 Approximation of Stable-dominated
Semigroups
Pawe l Sztonyk
October 30, 2018
Abstract
We consider Feller semigroups with jump intensity dominated by
that of the rotation invariant stable Le´vy process. Using an approxi-
mation scheme we obtain estimates of corresponding heat kernels.
1 Introduction and Preliminaries
Let p(t, x, y) be the transition density of the rotation invariant α–stable Le´vy
process on Rd with the Le´vy measure
(1) ν(dy) =
dy
|y|α+d
, y ∈ Rd \ {0}.
Here α ∈ (0, 2) and d = 1, 2, . . . It is well-known (see, e.g., [1]) that
p(t, x, y) ≈ min
(
t−d/α,
t
|y − x|α+d
)
, t > 0, x, y ∈ Rd.
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The upper bound p(t, x, y) ≤ cmin{t−d/α, t|y − x|−α−d}, holds for every
symmetric stable Le´vy process whose Le´vy measure is bounded above by a
constant multiple of ν (see [9]). More diverse asymptotic results for stable
Le´vy processes were given in papers [24] and [3]. In particular if for some
γ ∈ [1, d] the Le´vy measure ν¯ of the stable process satisfies
ν¯(B(x, r)) ≤ crγ for all |x| = 1, r ≤ 1/2,
then we have
p¯(t, x, y) ≤ cmin
(
t−d/α, t1+
γ−d
α |y − x|−α−γ
)
, x, y ∈ Rd,
where p¯ denotes the corresponding transition density.
Similar results hold for other Le´vy and Markov processes. Estimates of
transition densities for tempered stable processes are given in [22]. The case
of stable–like and mixed type Markov processes was investigated in [5] and
[6] by Z.-Q. Chen and T. Kumagai. K. Bogdan and T. Jakubowski in [2]
obtained estimates of heat kernels of the fractional Laplacian perturbed by
gradient operators. Derivatives of stable densities have been considered in
[19] and [21].
Our main goal are the heat kernel estimates for a class of stable–dominated
Feller semigroups. The name stable– dominated refers to the inequality (A.1).
Let f : Rd × Rd 7→ [0,∞] be a Borel function. We consider the following
conditions on f .
(A.1) There exists a constant M > 0 such that
f(x, y) ≤
M
|y − x|α+d
, x, y ∈ Rd, y 6= x.
(A.2) f(x, x+ h) = f(x, x− h) for all x, h ∈ Rd, or α < 1.
(A.3) f(x, y) = f(y, x) for all x, y ∈ Rd.
(A.4) There exists a > 0 such that
inf
x∈Rd
∫
|y−x|>ε
f(x, y) dy ≥ aε−α, ε > 0.
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We denote
bε(x) =
∫
|y−x|>ε
f(x, y) dy, ε > 0, x ∈ Rd.
It follows from (A.1) that there exists a constant A > 0 such that
(2) b¯ε := sup
x∈Rd
bε(x) ≤ Aε
−α, ε > 0.
Thus, (A.4) is a partial converse of (A.1) and we have
bε := inf
x∈Rd
bε(x) ≥ aε
−α, ε > 0.
For x ∈ Rd and r > 0 we let B(x, r) = {y ∈ Rd : |y − x| < r}. Bb(R
d)
denotes the set of bounded Borel measurable functions, Ckc (R
d) denotes the
set of k times continuously differentiable functions with compact support and
C∞(R
d) is the set of continuous functions vanishing at infinity. We use c, C
(with subscripts) to denote finite positive constants which depend only on
the constants α,M, a, and the dimension d. Any additional dependence is
explicitly indicated by writing, e.g., c = c(n). The value of c, C, when used
without subscripts, may change from place to place. We write f(x) ≈ g(x)
to indicate that there is a constant c such that c−1f(x) ≤ g(x) ≤ cf(x).
Assuming (A.1) and (A.2) we may consider the operator
Aϕ(x) = lim
ε↓0
∫
|y−x|>ε
(ϕ(y)− ϕ(x)) f(x, y) dy
=
∫
Rd
(
ϕ(x+ h)− ϕ(x)− h · ∇ϕ(x)1|h|<1
)
f(x, x+ h) dh
+
1
2
∫
|h|<1
h · ∇ϕ(x) (f(x, x+ h)− f(x, x− h)) dh, ϕ ∈ C2c (R
d).
We record the following basic fact (we postpone the proof to Section 2).
Lemma 1 If (A.1), (A.2) hold and the function x→ f(x, y) is continuous
on Rd \ {y} for every y ∈ Rd then A maps C2c (R
d) into C∞(R
d).
In the following we always assume that the condition (A.1) is satisfied.
For every ε > 0 we denote
fε(x, y) = 1B(0,ε)c(y − x)f(x, y), x, y ∈ R
d,
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and
Aεϕ(x) =
∫
(ϕ(y)− ϕ(x)) fε(x, y) dy, ϕ ∈ Bb(R
d).
We note that the operatorsAε are bounded since |Aεϕ(x)| ≤ 2‖ϕ‖∞bε(x) ≤
2‖ϕ‖∞b¯ε. Therefore the operator
etAε =
∞∑
n=0
tnAnε
n!
, t ≥ 0, ε > 0,
is well–defined and bounded: Bb(R
d) → Bb(R
d). In fact for every ε > 0 the
family of operators {etAε , t ≤ 0} is a semigroup on Bb(R
d), i.e., e(t+s)Aε =
etAεesAε for all t, s ≥ 0, ϕ ∈ Bb(R
d). We note that etAε is positive for all
t ≥ 0, ε > 0 (see (7)).
Our main result is the following theorem.
Theorem 1 If (A.1) – (A.4) are satisfied then there exists a constant C
such that for every nonnegative ϕ ∈ Bb(R
d) and ε > 0 we have
(3)
etAεϕ(x) ≤ C
∫
ϕ(y)min
(
t−d/α,
t
|y − x|α+d
)
dy + e−tbε(x)ϕ(x), x ∈ Rd.
We will prove Theorem 1 in Section 2 after a sequence of lemmas. To
study a limiting semigroup we will use additional assumptions.
(A.5) The function x→ f(x, y) is continuous on Rd\{y} for every y ∈ Rd.
(A.6) A regarded as an operator on C∞(R
d) is closable and its closure
A¯ is a generator of a strongly continuous contraction semigroup of operators
{Pt, t ≥ 0} on C∞(R
d).
We note that the operator A satisfies the positive maximum principle,
i.e., if for ϕ ∈ C2c (R
d) we have supx∈Rd ϕ(x) = ϕ(x0) ≥ 0 then Aϕ(x0) ≤ 0.
This yields that Pt is positive operator for each t ≥ 0 (see Theorem 1.2.12
and Theorem 4.2.2 in [8]). Thus, by our assumptions, {Pt, t ≥ 0} is a Feller
semigroup.
In Section 2 we prove the following theorem.
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Theorem 2 If (A.1)–(A.6) hold then there is p : (0,∞) × Rd × Rd →
[0,∞) such that
Ptϕ(x) =
∫
Rd
ϕ(y)p(t, x, y) dy, x ∈ Rd, t > 0, ϕ ∈ C∞(R
d),
and
(4) p(t, x, y) ≤ Cmin
(
t−d/α,
t
|y − x|α+d
)
, x, y ∈ Rd, t > 0,
for some constant C > 0.
We note that A is conservative meaning that for φ ∈ C∞c (R
d) such that
0 ≤ φ ≤ 1, φ(0) = 1, and φk(x) = φ(x/k), we have supk∈N ‖Aφk‖∞ < ∞,
and limk→∞(Aφk)(x) = 0, for every x ∈ R
d. It follows from Theorem 4.2.7 in
[8] that there exists a Markov process {Xt, t ≥ 0} such that E[ϕ(Xt)|X0 =
x] = Ptϕ(x).
We recall that every generatorG of a Feller semigroup, such that C∞c (R
d) ⊂
D(G) is necessarily of the form
Gϕ(x) =
d∑
i,j=1
qij(x)DxiDxjϕ(x) + l(x)∇ϕ(x)− c(x)ϕ(x)(5)
+
∫
Rd
(
ϕ(x+ h)− ϕ(x)− h · ∇ϕ(x) 1|h|<1
)
ν(x, dh) .
Here ϕ ∈ C∞c (R
d), q(x) = (qij(x))
n
i,j=1 is a nonnegative definite real sym-
metric matrix, the vector l(x) = (li(x))
d
i=1 has real coordinates, c(x) ≥ 0,
and ν(x, ·) is a Le´vy measure. This description is due to Courre´ge, see [16,
Chapter 4.5].
The problem whether a given operator G generates a Feller semigroup
is not completely resolved yet. For the interested reader we remark that
criteria are given, e.g., in [12, 13, 14, 15, 17]. Generally, smoothness of the
coefficients q, l, c, ν in (5) is sufficient for the existence . In particular the next
lemma follows from Theorem 5.24 in [11] (see also Theorem 4.6.7 in [18]).
We omit the proof as it is a straightforward verification of the assumptions
given there.
Lemma 2 Let m be a smallest integer such that m > max( d
α
, 2) + d and
define k = 2m+ 1− d. Assume that
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(i) there exist a cone ∅ 6= V ⊂ Rd and a constant c such that
c−11V (h)|h|
−α−d ≤ f(x, x+ h) ≤ c|h|−α−d, x ∈ Rd, h ∈ Rd \ {0},
(ii)
f(x, x+ h) = f(x, x− h), x, h ∈ Rd,
(iii) for every h ∈ Rd \ {0} the function gh(x) = f(x, x + h) is k-times
continuously differentiable and
|∂βxgh(x)| ≤ c|h|
−α−d, x ∈ Rd, h ∈ Rd \ {0},
for each β ∈ Nd0, |β| ≤ k.
Then A has an extension that generates a Feller semigroup, i.e., the condition
(A.6) is satisfied.
For the stable – like case more recent results are given by R. Schilling and
T. Uemura in [20]. In particular it follows from Corollary 6.4 in [20] that if
f(x, y) ≈ |y−x|−α−d for |y−x| ≤ 1, 0 ≤ f(x, y) ≤ c|y−x|−γ−d for |y−x| > 1
and some γ > 0, and the function (x, y)→ log f(x, y)/ log |y−x| is Lipschitz
continuous, then A generates a Feller semigroup.
Z.-Q. Chen and T. Kumagai in [5] and [6] investigate the case of sym-
metric jump–type Markov processes on metric measure spaces by using the
Dirichlet form. They prove the existence and obtain estimates of the densities
(see Theorem 1.2 in [6]) analogous to (4). The jump kernels in [5] and [6] are
assumed to be comparable with certain rotation invariant functions. In Theo-
rem 2 we assume the estimate (A.1) from above but we use (A.4) as the only
estimate for the size of f from below. This is the main novelty as far as the
class of jump kernels is considered. We also propose a new technique of esti-
mating the semigroups {etAε , t ≥ 0}, which may be of more general interest.
We note that an alternative approximation scheme is given in [4]. We also
note that the estimate (4) can not be generally improved as seen in the case of
Le´vy processes (see [3], [24], [22]). In fact, if ν¯(dy) = g(y/|y|)|y|−α−d dy and
g is continuous on the unit sphere S we have limr→∞ r
d+αp(1, 0, rθ) = cg(θ),
θ ∈ S. If g(θ) = 0 then limr→∞ r
d+2αp(1, 0, rθ) = cθ > 0, as proved by J.
Dziuban´ski in [7].
6
2 Approximation
We first observe that
Aεϕ(x) =
∫
(ϕ(y)− ϕ(x)) fε(x, y) dy + (b¯ε − bε(x))
∫
(ϕ(y)− ϕ(x))δx(dy)
=
∫
(ϕ(y)− ϕ(x))ν˜ε(x, dy)(6)
= Γεϕ(x)− b¯εϕ(x), ϕ ∈ C∞(R
d), x ∈ Rd,
where
ν˜ε(x, dy) = fε(x, y) dy + (b¯ε − bε(x))δx(dy),
and
Γεϕ(x) =
∫
ϕ(y)ν˜ε(x, dy), ϕ ∈ C∞(R
d), x ∈ Rd.
This yields that
(7) etAεϕ(x) = et(Γε−b¯εI)ϕ(x) = e−tb¯εetΓεϕ(x).
A consequence of (7) is that we may consider the operator Γε and its powers
instead of Aε. The fact that Γε is positive enables for more precise estimates.
For n ∈ N we define
fn+1,ε(x, y) =
∫
fn,ε(x, z)fε(z, y) dz
+
(
b¯ε − bε(y)
)
fn,ε(x, y) +
(
b¯ε − bε(x)
)n
fε(x, y),
where we let f1,ε = fε. By induction and Fubini–Tonelli theorem we get
(8)
∫
fn,ε(x, y) dy = b¯
n
ε −
(
b¯ε − bε(x)
)n
, x ∈ Rd, n ∈ N.
Lemma 3 For all ε > 0, x ∈ Rd, and n ∈ N we have
(9) Γnεϕ(x) =
∫
ϕ(z)fn,ε(x, z) dz +
(
b¯ε − bε(x)
)n
ϕ(x), ϕ ∈ C∞(R
d).
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Proof. We use induction. For n = 1 we have (9) from the definition of Γε.
Let us assume that (9) holds for some n ∈ N. Using Fubini’s theorem we get
Γn+1ε ϕ(x) =
∫
Γεϕ(z)fn,ε(x, z) dz +
(
b¯ε − bε(x)
)n
Γεϕ(x)
=
∫ (∫
ϕ(y)fε(z, y) dy +
(
b¯ε − bε(z)
)
ϕ(z)
)
fn,ε(x, z) dz
+
(
b¯ε − bε(x)
)n(∫
ϕ(y)fε(x, y) dy +
(
b¯ε − bε(x)
)
ϕ(x)
)
=
∫
ϕ(z)fn+1,ε(x, z) dz +
(
b¯ε − bε(x)
)n+1
ϕ(x).
The following lemma is a key observation in our development. The signif-
icance of the inequality (10) is that on the right hand side we obtain precisely
bε(y)|y − x|
−α−d. One can interpret (10) as subharmonicity of the function
ϕ(z) = 1B(y,κ|y−x|)(z)|z − x|
−α−d at y with respect to all operators Aε.
Lemma 4 If (A.1), (A.2) and (A.4) hold then there exists κ ∈ (0, 1) such
that
(10)
∫
B(y,κ|y−x|)
|z − x|−α−dfε(y, z) dz ≤ bε(y)|y − x|
−α−d
for every x, y ∈ Rd, ε > 0.
Proof. We fix x, y ∈ Rd and let φ(z) = |y−x|α+d|z−x|−α−d, |z−x| > 0. We
have φ(y) = 1,
(11) ∂jφ(z) = (α + d)|y − x|
α+d|z − x|−α−d−2(xj − zj),
and
∂j,kφ(z) = (α+d)|y−x|
α+d|z−x|−α−d−2
[
(α+ d+ 2)
(xj − zj)(xk − zk)
|x− z|2
− δjk
]
.
This yields
(12) sup
z∈B(y,κ|y−x|),
j,k∈{1,...,d}
|∂j,kφ(z)| ≤ (α + d)(α + d+ 3)(1− κ)
−α−d−2|y − x|−2,
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for every κ ∈ (0, 1). Using the Taylor expansion for φ, (11) and (12) in the
second inequality below, (A.1) and (A.2) in the third, and (A.4) in the forth
we obtain ∣∣∣∣
∫
B(y,κ|y−x|)
[
1− |y − x|α+d|z − x|−α−d
]
fε(y, z) dz
∣∣∣∣
=
∣∣∣∣
∫
B(0,κ|y−x|)
(φ(y)− φ(y + h)) fε(y, y + h) dh
∣∣∣∣
≤
∣∣∣∣
∫
B(0,κ|y−x|)
(∇φ(y) · h+ φ(y)− φ(y + h)) fε(y, y + h) dh
∣∣∣∣
+
∣∣∣∣
∫
B(0,κ|y−x|)
∇φ(y) · h
fε(y, y − h)− fε(y, y + h)
2
dh
∣∣∣∣
≤ c1(1− κ)
−α−d−2|y − x|−2
∫
B(0,κ|y−x|)
|h|2f(y, y + h) dh
+c2|y − x|
−1
∫
B(0,κ|y−x|)
|h| |fε(y, y − h)− fε(y, y + h)| dh
≤ c3|y − x|
−ακ1−α
(
κ(1− κ)−α−d−2 + 1
)
≤ bκ|y−x|(y),
for sufficiently small κ = κ(α, d). This yields∫
B(y,κ|y−x|)
|z − x|−α−dfε(y, z) dz
≤
∣∣∣∣
∫
B(y,κ|y−x|)
[
1− |y − x|α+d|z − x|−α−d
]
fε(y, z) dz
∣∣∣∣ |y − x|−α−d
+
∫
B(y,κ|y−x|)
fε(y, z) dz |y − x|
−α−d
≤ bε(y)|y − x|
−α−d.
We can now obtain estimates of fn,ε(x, y). The first one is an adequate
description of the decay rate at infinity while the next two give global bounds.
Lemma 5 If (A.1) – (A.4) hold then there exists a constant C such that
(13) fn,ε(x, y) ≤ Cnb¯
n−1
ε |y − x|
−α−d, x, y ∈ Rd, ε > 0, n ∈ N.
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Proof. We use induction. For n = 1 the inequality (13) holds with C = M .
Let κ ∈ (0, 1) be such that (10) is satisfied. We will prove that (13) holds
with C = Mκ−α−d. We have∫
fn,ε(x, z)fε(z, y) dz =
∫
B(y,κ|y−x|)c
+
∫
B(y,κ|y−x|)
= I + II.
By (A.1) and (8) we get
I =
∫
B(y,κ|y−x|)c
fn,ε(x, z)fε(z, y) dz
≤
∫
B(y,κ|y−x|)c
fn,ε(x, z)
M
|y − z|α+d
dz
≤
M
κα+d|y − x|α+d
∫
fn,ε(x, z) dz
=
M
κα+d|y − x|α+d
[
b¯nε −
(
b¯ε − bε(x)
)n]
.
By the symmetry of f (see (A.3)), induction and Lemma 4 we obtain
II =
∫
B(y,κ|y−x|)
fn,ε(x, z)fε(z, y) dz
≤ Cnb¯n−1ε
∫
B(y,κ|y−x|)
|z − x|−α−dfε(z, y) dz
= Cnb¯n−1ε
∫
B(y,κ|y−x|)
|z − x|−α−dfε(y, z) dz
≤ Cnb¯n−1ε bε(y)|y − x|
−α−d.
We get
fn+1,ε(x, y) = I + II +
(
b¯ε − bε(y)
)
fn,ε(x, y) +
(
b¯ε − bε(x)
)n
fε(x, y)
≤ Mκ−α−d|y − x|−α−d
[
b¯nε −
(
b¯ε − bε(x)
)n]
+ Cnb¯n−1ε bε(y)|y − x|
−α−d
+
(
b¯ε − bε(y)
)
Cnb¯n−1ε |y − x|
−α−d +
(
b¯ε − bε(x)
)n
M |y − x|−α−d
< C(n+ 1)b¯nε |y − x|
−α−d.
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Lemma 6 Assume (A.1), (A.3) and (A.4). Then there exists C such that
(14) fn,ε(x, y) ≤ Cb¯
d/α
ε
(
b¯nε −
(
b¯ε − bε(x)
)n)
, x, y ∈ Rd, ε > 0, n ∈ N.
Proof. For n = 1 by (A.1) and (A.4) we have
fε(x, y) ≤Mε
−α−d ≤M
(
bε(x)
a
)(α+d)/α
≤M
(
bε(x)
a
)(
b¯ε
a
)d/α
,
and so (14) holds with C = Ma−d/α−1. Let (14) holds for some n ∈ N with
C = Ma−d/α−1. By induction and the symmetry of fε we get
fn+1,ε(x, y) ≤ Cb¯
d/α
ε
(
b¯nε −
(
b¯ε − bε(x)
)n)(∫
fε(y, z) dz + b¯ε − bε(y)
)
+
(
b¯ε − bε(x)
)n
Cb¯d/αε bε(x)
= C(b¯ε)
d/α
(
b¯n+1ε −
(
b¯ε − bε(x)
)n+1)
.
Lemma 7 If (A.1), (A.3) and (A.4) are satisfied then there exists C such
that
(15) fn,ε(x, y) ≤ Cb¯
n+d/α
ε n
−d/α, x, y ∈ Rd, ε > 0, n ∈ N.
Proof. We may choose n0 ∈ N such that
(16) (1− a/A)n(n+ 1)d/α <
1
n + 1
for every n ≥ n0. For n ≤ n0 by Lemma 6 we have
fn,ε(x, y) ≤ c1b¯
d/α
ε b¯
n
ε ≤ c1b¯
n+d/α
ε n
−d/αn
d/α
0 ,
which yields the inequality (15) with C = c1n
d/α
0 in this case. For n ≥ n0 we
use induction. Let
p =
d 2max(d/α,1)−1
α
, and η =
(
(a/A)2
2(1 + p)
) 1
α
.
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We assume that (15) holds for some n ≥ n0 with C = max(c1n
d/α
0 ,Mη
−α−da−1−d/α).
We have∫
fn,ε(x, z)fε(z, y) dz =
∫
B(y,ηε(n+1)1/α)c
+
∫
B(y,ηε(n+1)1/α)
= I + II.
By (A.1), (A.4) and (8) we get
I =
∫
B(y,ηε(n+1)1/α)c
fn,ε(x, z)fε(z, y) dz
≤ M
∫
B(y,ηε(n+1)1/α)c
fn,ε(x, z)|y − z|
−α−d dz
≤ Mη−α−dε−α−d(n+ 1)−1−d/α
∫
fn,ε(x, z) dz
≤ Mη−α−da−1−d/αb¯1+d/αε (n+ 1)
−1−d/α
[
b¯nε −
(
b¯ε − bε(x)
)n]
.
By induction, the symmetry of fε, (2) and (A.4) we obtain
II =
∫
B(y,ηε(n+1)1/α)
fn,ε(x, z)fε(z, y) dz
≤ Cb¯n+d/αε n
−d/α
∫
B(y,ηε(n+1)1/α)
fε(y, z) dz
= Cb¯n+d/αε n
−d/α
(
bε(y)− bηε(n+1)1/α(y)
)
≤ Cb¯n+d/αε n
−d/αbε(y)
(
1−
aη−α
A(n+ 1)
)
.
By (16) we also have
(17)
(
1−
bε(x)
b¯ε
)n
(n+ 1)d/α ≤ (1− a/A)n(n+ 1)d/α ≤
1
n + 1
.
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We get
fn+1,ε(x, y) = I + II +
(
b¯ε − bε(y)
)
fn,ε(x, y) +
(
b¯ε − bε(x)
)n
fε(x, y)
≤ Cb¯1+d/αε (n+ 1)
−1−d/α
[
b¯nε −
(
b¯ε − bε(x)
)n]
+Cb¯n+d/αε n
−d/αbε(y)
(
1−
aη−α
A(n+ 1)
)
+Cb¯n+d/αε n
−d/α
(
b¯ε − bε(y)
)
+Cb¯1+d/αε
(
b¯ε − bε(x)
)n
= Cb¯n+1+d/αε (n + 1)
−d/α
[
1
n + 1
(
1−
(
1−
bε(x)
b¯ε
)n)
−
bε(y)
b¯ε
(
1 +
1
n
)d/α
aη−α
A(n + 1)
+
(
1 +
1
n
)d/α
+
(
1−
bε(x)
b¯ε
)n
(n + 1)d/α
]
≤ Cb¯n+1+d/αε (n + 1)
−d/α
[
2
n+ 1
+
(
1 +
1
n
)d/α(
1−
η−α(a/A)2
n + 1
)]
≤ Cb¯n+1+d/αε (n + 1)
−d/α
[
2
n + 1
+
(
1 +
p
n
)(
1−
η−α(a/A)2
n+ 1
)]
≤ Cb¯n+1+d/αε (n + 1)
−d/α
[
1−
1
n+ 1
(
η−α(a/A)2 − 2− 2p
)]
= Cb¯n+1+d/αε (n + 1)
−d/α,
where the second inequality follows from (2), (A.4) and (17).
Using the above lemmas we may estimate Γnε and in consequence also the
exponent operator etAε = e−tb¯εetΓε .
Lemma 8 Assume (A.1) – (A.4). There exists a constant C such that
for all x ∈ Rd and all nonnegative ϕ ∈ Bb(R
d) such that x /∈ supp(ϕ) we
have
(18) etAεϕ(x) ≤ Ct
∫
ϕ(z)|z − x|−α−d dz, ε > 0.
Proof. By Lemma 3 and Lemma 5 for every ϕ such that x 6∈ supp(ϕ) we get
Γnεϕ(x) ≤
∫
ϕ(y)Cnb¯n−1ε |y − x|
−α−d dy,
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and
etAεϕ(x) ≤ Ce−tb¯ε
∞∑
n=1
tnnb¯n−1ε
n!
∫
ϕ(y)|y − x|−α−d dy
= Ce−tb¯εt
∞∑
n=0
tnb¯nε
n!
∫
ϕ(y)|y − x|−α−d dy
= Ct
∫
ϕ(y)|y − x|−α−d dy.
The following lemma seems to be known. We include here the proof for
reader’s convenience.
Lemma 9 For every p ∈ [0,∞) exists a constant C = C(p) such that
(19)
∞∑
n=1
xn+p
n!np
≤ C(ex − 1), x > 0.
Proof. For p ∈ [0, 1] we have by Jensen’s inequality
∞∑
n=1
(x/n)pxn
n!
≤
ex − 1
(ex − 1)p
(
∞∑
n=1
xn+1
n · n!
)p
=
ex − 1
(ex − 1)p
(
∞∑
n=1
xn+1
(n + 1)!
n + 1
n
)p
≤ 2p(ex − 1), x > 0.
For p ≥ 1 we have
∞∑
n=1
xn+p
n!np
=
∞∑
n=1
∫ x
0
un+p−1
n!np−1
du
n+ p
n
≤ (p+ 1)
∫ x
0
∞∑
n=1
un+p−1
n!np−1
du,
and the Lemma follows by induction.
Lemma 10 Assume (A.1), (A.3) and (A.4). Then there exists C such
that for every nonnegative ϕ ∈ Bb(R
d) ∩ L1(R
d) we have
(20) etAεϕ(x) ≤ Ct−d/α
∫
ϕ(y) dy + e−tbε(x)ϕ(x), x ∈ Rd, ε > 0, t > 0.
14
Proof. By Lemma 7 for every ϕ ∈ Bb(R
d) ∩ L1(R
d) we get
Γnεϕ(x) ≤ c(b¯ε)
n+d/αn−d/α
∫
ϕ(y) dy +
(
b¯ε − bε(x)
)n
ϕ(x),
and by (19) we obtain
etAεϕ(x) ≤ e−tb¯ε
[
c
∫
ϕ(y) dy
∞∑
n=1
tnb¯
n+d/α
ε
n!nd/α
+ et(b¯ε−bε(x))ϕ(x)
]
≤ ct−d/α
∫
ϕ(y) dy + e−tbε(x)ϕ(x).
Proof. of Theorem 1. Let t > 0, ϕ ∈ Bb(R
d), and x ∈ Rd. Using Lemma
8 for 1B(x,t1/α)cϕ and Lemma 10 for 1B(x,t1/α)ϕ we obtain
etAεϕ(x) = etAε [1B(x,t1/α)cϕ](x) + e
tAε [1B(x,t1/α)ϕ](x)
≤ c
[∫
B(x,t1/α)c
ϕ(y)t|y − x|−α−d dy +
∫
B(x,t1/α)
ϕ(y)t−d/α dy
]
+ e−tbε(x)ϕ(x)
≤ c
∫
ϕ(y)min(t−d/α, t|y − x|−α−d) dy + e−tbε(x)ϕ(x)
We prove now that the continuity of the jump intensity f(x, y) yields a
regularity of Aε.
Lemma 11 If (A.5) holds then for all ε > 0 the operator Aε maps
C∞(R
d) into C∞(R
d).
Proof. Let ϕ ∈ C∞(R
d) and η > 0. We choose r > 0 such that |ϕ(y)| ≤ ηε
α
4A
for |y| ≥ r, and using (A.1) and (2), for |x| > r we get
|Aεϕ(x)| ≤
∫
|y|<r
|ϕ(y)| fε(x, y) dy +
∫
|y|≥r
|ϕ(y)| fε(x, y) dy + |ϕ(x)|
∫
Rd
fε(x, y) dy
≤ M‖ϕ‖∞
∫
|y|<r
|y − x|−α−d dy +
ηεα
4A
2bε(x)
≤ c1‖ϕ‖∞(|x| − r)
−α−drd +
ηεα
4A
2Aε−α.
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For |x| > r + (2c1r
d‖ϕ‖∞η
−1)1/(α+d) we obtain |Aεϕ(x)| < η. This yields
lim|x|→∞Aεϕ(x) = 0.
Let x0 ∈ R
d. For |x− x0| < ε/2, and all y ∈ R
d we have
fε(x, y) ≤ M [max(ε, |y − x|)]
−α−d ≤M [max(ε, |y − x0| − ε/2)]
−α−d
≤ M2α+d (|y − x0|+ ε/2)
−α−d .
By the continuity of x → f(x, y) and the dominated convergence theorem
we get
lim
x→x0
∫
|fε(x, y)− fε(x0, y)| dy = 0.
It follows that bε(x) is continuous on R
d for each ε > 0. Consequently for
every ϕ ∈ C∞(R
d) we have
|Aεϕ(x)−Aεϕ(x0)| ≤
∫
|ϕ(y)| |fε(x, y)− fε(x0, y)| dy
+|ϕ(x)bε(x)− ϕ(x0)bε(x0)| → 0, as x→ x0.
Thus Aεϕ ∈ C∞(R
d).
We note that the operators Aε approximate A.
Lemma 12 If (A.2) is satisfied then for all ϕ ∈ C2c (R
d) we have
lim
ε→0
‖Aϕ−Aεϕ‖∞ = 0
Proof. For all ϕ ∈ C2c (R
d), x ∈ Rd, and ε ∈ (0, 1) we have
Aεϕ(x) =
∫
(ϕ(y)− ϕ(x)) fε(x, y) dy
=
∫
Rd
(
ϕ(x+ h)− ϕ(x)− 1B(0,1)(h)h · ∇ϕ(x)
)
fε(x, x+ h) dh
+
1
2
∫
|h|<1
h · ∇ϕ(x) (fε(x, x+ h)− fε(x, x− h)) dh.
Furthermore, it follows from (A.1) and (A.2) that
(21)
∫
|h|<ε
|h||f(x, x+ h)− f(x, x− h)| dh ≤ cε1−αmax(1− α, 0).
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Using Taylor’s expansion for ϕ we obtain
|Aϕ(x)−Aεϕ(x)| ≤
∫
|h|<ε
|ϕ(x+ h)− ϕ(x)− h · ∇ϕ(x)| f(x, x+ h) dh
+
1
2
|∇ϕ(x)|
∫
|h|<ε
|h| |f(x, x+ h)− f(x, x− h)| dh
≤ c sup
y∈Rd,|β|≤2
|∂βϕ(y)|
(∫
|h|<ε
|h|2−α−d dh
+
∫
|h|<ε
|h| |f(x, x+ h)− f(x, x− h)| dh
)
≤ c sup
y∈Rd,|β|≤2
|∂βϕ(y)|
(
ε2−α + ε1−αmax(1− α, 0)
)
,
which yields limε→0 ‖Aϕ−Aεϕ‖∞ = 0.
We are ready now to prove Lemma 1.
Proof. of Lemma 1. The continuity of Aϕ for ϕ ∈ C2c (R
d) follows from
Lemma 11 and Lemma 12. For ϕ ∈ C2c (R
d) and η > 0 we choose ε > 0 such
that ‖Aϕ−Aεϕ‖∞ < η/2 and r > 0 such that |Aεϕ(x)| < η/2 for all |x| > r.
We obtain |Aϕ(x)| ≤ ‖Aϕ−Aεϕ‖∞ + |Aεϕ(x)| < η, for all |x| > r.
Proof. of Theorem 2. By Lemma 12 we have
lim
ε→0
‖Aϕ−Aεϕ‖∞ = 0
for every ϕ ∈ C2∞(R
d). A closure of A is a generator of a semigroup and
from the Hille-Yosida theorem it follows that the range of λ−A is dense in
C∞(R
d) and therefore by Theorem 5.2 in [23] (see also [10]) we get
lim
ε↓0
‖etAεϕ− Ptϕ‖∞ = 0,
for every ϕ ∈ C∞(R
d). By Theorem 1 this yields
Ptϕ(x) ≤ c1
∫
ϕ(z)min
(
t−d/α,
t
|z − x|α+d
)
dz,
for every nonnegative ϕ ∈ C∞(R
d).
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